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It" is p r o p o s e d  to solve the heat  conduct ion equat ion with compl ica ted  boundary  condit ions 
us ing the notion of R - func t i ons .  A solution which sa t i s f ies  exac t ly  mixed boundary  condi -  
t ions  or  boundary  condi t ions  of the f i r s t ,  second, or  th i rd  kind is cons t ruc t ed .  

It is  gene ra l l y  not poss ib le  to solve the p r o b l e m  conce rn ing  the t e m p e r a t u r e  d i s t r ibu t ion  in an a r b i -  
t r a r y  t h r e e - d i m e n s i o n a l  domain  owing to the complex  f o r m  of the boundar ies  of such a domain.  

Diff icul t ies  encoun te red  in solving such a p rob lem,  which depends on a compl i ca t ed  boundary  of the 
domain  in quest ion,  m a y  be c i r c u m v e n t e d  by using the notion of R- func t ions  [1, 2], which makes  it poss ib le  
to cons t ruc t  funct ions connec ted  in a na tura l  way with the f o r m  of the boundary  of the domain  and the c o n -  
di t ions which mus t  be sa t i s f ied  on this  boundary .  The s t a t i ona ry  t e m p e r a t u r e  d i s t r ibu t ion  in a domain  

= D + F + Y ma y  be obtained, as  is well  known, a s  a r e s u l t  of solving Po i s son '  s equat ion 

- - v ~ O ( x , g , z ) = q ( x ,  g, z) " ((x, g, z)ED) (1) 

with speci f ied  condit ions on the unknown quanti ty O(x, y, z) on the boundary  of this  domain  F + y .  

Let us a s s u m e  that on r + V the t e m p e r a t u r e  must  sa t i s fy  the condi t ions  

( ~ ,  00 + r162  r = %  
On (2) 

Of~ = , .  

H e r e  k, a ,  ~v, r a r e  p i ecewi se -con t inuous  d i f fe ren t iab le  funct ions of the coord ina t e s  of points  belonging to 
the boundary .  

The poss ib i l i t y  a lways  ex i s t s  of decompos ing  the boundary  F of the domain  D into s e v e r a l  e l emen t s  

F1, F2 . . . . .  Fm (F = ~J Fi) , on each of which the funct ion ~v can be r e p r e s e n t e d  in the f o r m  of a s ingle  a n a l y -  
i ~ l  

t ic exp re s s ion .  In th is  ca se  the condit ion on the unknown funct ion O mus t  be sa t i s f ied  on each e lement  r i :  (0o )l 
X ~ + a O  . = = ( i =  I, 2, ., m). (3) 

- , r  t 

Here ,  and hencefor th ,  the subsc r ip t  i indica tes  that the va lues  of the c o r r e s p o n d i n g  funct ions  a r e  taken at 
points  belonging to the e lement  F i. 

Let fl(x, y, z) = 0, f2(x, y, z) = 0 . . . . .  fm(X, y, z) = 0 be the equat ions,  r e spec t ive ly ,  of the boundary  
e l emen t s  r l, F 2 . . . . .  r m of the domain  being inves t iga ted .  T h e s e  equat ions  m a y  be fo rmula t ed  with the 
use  of R- func t ions  [3]. Fol lowing [1], we cons t ruc t  the funct ions 

�9 ..  f i- ,  fi+l �9 ..  f2m (4) 
h = f~ + f~ 2 2 

�9 . .  f t - ,  f t+ ,  . . .  fL  ~ x~. - =  
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},_, �9 ?~ �9 �9 f i + l  �9 �9 

A =  2 . ,  f ~ + : ~ . .  ~ ~ ~ .  (5) h+,. fL �9 f i - - !  . .  i=1 

f i - - I  �9 . .  h+,.--f~ 
o =  fi+f~ h-,~ ~ f~ r (6) �9 �9 �9 [ i + 1  �9 �9 �9 

i = 1  

Since for  (x, y, z) E F i o n l y f i  = 0 ,  then  

A----)~, A = a l ,  ~b----% on F~ 

and, consequent ly ,  the bounda ry  condi t ions  (3) m a y  be w r i t t e n  in the f o r m  

H e r e  co (x, y, z) is a eont inuous  funct ion of r e a l  a r g u m e n t s ,  which has  ins ide  the domain  D bounded 
and cont inuous  d e r i v a t i v e s  0co/0x, 0co/0y, 0co/0z and which s a t i s f i e s  in the domain  D the condi t ion co(x, y, 
z) > 0 and on the b o u n d a r y  F + 7 of th is  domain  the condi t ion co(x, y, z) - 0. The  v e c t o r  VJIVcolhas a 
length  equal  to one, and for  (x, y, z) E F + V it co inc ides  with the unit n o r m a l  v e c t o r  F + 7. 

Analogously ,  for  the bounda ry  V we have:  
1. Equat ions  of the e l e m e n t s  of th is  b o u n d a r y  

X~(x, y, z ) =  0 (l = 1, 2 . . . . .  n); 

2. 

3. 

7 =  0 75 
l=1 (8) 

X~.. 2 2 2 
�9 X t - x  X t + 1  �9 �9 �9 X n  

1F = X2 , X2 2 2 Z2 ~t" 
= 1 - - ~  l . . . X l - t X z + l . . ,  n 

4 . T h e  b o u n d a r y  condi t ion fo r  the unknown quan t i ty  

(O - -  xF) Iv = 0. (9) 

We seek a solution of the differential equation (1), satisfying the boundary conditions (7) and (9), in 

the form 

O(x, y, z) = o l ( x ,  y, z)Fl(x, y, z)+ %(x, V, z)Fz(x, y, z) + F3(x, y, z), (10) 

w h e r e  F 1, F 2, F 3 a r e  cont inuous,  t w i c e - d i f f e r e n t i a b l e  funct ions ,  a n d t h e f u n e t t o n s  col and co2 s a t i s fy  the 
conditions 

(01 (x, y, z) I~ = 0, 

o~, (x, y, z) Ir+v = 0, 

r 1 (x, y, z) > 0, r (x, y, z) > 0 in the domain D. 

In  p a r t i c u l a r ,  we can  put 

( 01  = X 2 X e 1 2 " " " ~ n '  ( 0 2  ~ ( 0 .  

Substituting the expression (i0) into Eq. (9), we find that this boundary condition for O is satisfied if F 3 
-- ~ .  Using the boundary condition (7), we obtain a relationship connecting the values of the functions F i 

and F 2 

[ A ( ~ ,  [ V ( o ~ F ~ ) ) + A ( ~ ,  v % ) F 2 + A (  v~ V ~ F / ~ + A o I F I + A  ~ F - O ] r = 0 .  

From this it follows that the function 

0 -~ (~  + (0iFi) -~- (02 

�9 -- A (~ + r A( V(0 V ($ + ~IFI)) 
(11) 
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Fig. 1. Region in which the t e m -  
pe r a tu r e  field is  to be d e t e r -  
mined.  

sa t i s f ies  the given boundary conditions (7) and (9) independently of the choice of the function Fl(x, y, z). 
The function Fl(x, y, z) may  be chosen a r b i t r a r i l y  to sa t i s fy  approx imate ly  the r e q u i r e m e n t s  of the so lu-  
tion cons t ruc ted  for P o i s s o n ' s  equation. Putting 

hr 

FI(x, g, z ) :  ~ cjgi(x, g, z), (12) 
i=o 

where {gj(x, y, z)} is  a complete  s y s t e m  of functions, we can de te rmine  the coeff icients  ej by one of the 
var ia t iona l  methods,  for example ,  by using the functional [4] 

I(O) = ~ ( [(VO)2--20q] d•. (13) 
D 

Having done this, we will have solved the p r o b l e m  of determining the t e m p e r a t u r e  dis tr ibut ion in a 
region of th ree -d imens iona l  space .  

F r o m  Eq. (11) it follows that if on the boundary of the domain cons idered  a boundary condition only of 
the f i r s t  kind is given, then the solution of the p rob l em sat isfying this condition is  sought in the fo rm 

O = R s + o)lF 1. (14) 

In the case  when the unknown quantity on the boundary of the domain sa t i s f i es  a condition of the second or 
th i rd  kind, we seek the solution sat isfying this condition in the f o r m  

) , vF1 (15) 
0 ----- Fl-k co 

A (romp 
Iv0~l 

To i l lus t ra te  the method we construct  a function descr ib ing  the t e m p e r a t u r e  field in a two-d imen-  
sional t r i angula r  domain (see Fig.  1) on one of the boundar ies  of which the t e m p e r a t u r e  dis t r ibut ion is given 
and on the other two of which heat t r a n s f e r  takes  place:  

0 [v = * (x), (16) 

( ~ 0 0  ) 
On -}- aO = 0. (17) 

r,ur~ 

Using the R-conjunct ion (the o rd inary  one and i ts  modification),  we find, in accord  with the t heo rems  
given in [31, that 

h(x, y ) ~  1 1 + x y 

where  XAtY = (X ~- Y--  9rX 2 + Y2)/2 is the R-conjunct ion and XA2Y = X--  ~ is the modified R - c o n -  
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junction. Then 

A----X, A = a ,  @--=0, T = ~(x) 

and the solution of the given p r o b l e m  may  be wr i t ten  in the f o r m  (~1 = X2, r176 -= a0 

, V (~ + x 2F) 

Iw[ 

(i8) 

The unknown function F = F(x,  y) may  be approx imated  by the polynomial  

N 
F (x, y) = ~ cux~yi. 

~+i=0 

(i9) 

NOTATION 

| y, z) 
q(x, y, z) 
X(A) 
a(A) 
~(@) and r 
CO, r ~02, fi, Xl 

~/(7l), F i r  i) 

is  the t e m p e r a t u r e  dis t r ibut ion function; 
is  the function of h e a t - s o u r c e  dis tr ibut ion in the space  reg ion  under considerat ion;  
is the t he rm a l  conductivity; 
is the h e a t - t r a n s f e r  coefficient;  
a r e  the values  of the unknown t e m p e r a t u r e  at the boundary of the region; 
a r e t h e  functions with constant sign in the region and turning to zero  only at the bound- 
a r y  or i ts  s epa ra t e  sect ions;  
a r e  the s e c t i o n s  of the boundary  in the region D under study. 
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